The representation of the usual integral dispersion relations (IDR) of scattering theory through series of derivatives of the amplitudes is discussed, extended, simplified, and confirmed as mathematical identities. Forms of derivative dispersion relations (DDR) valid for the whole energy interval, recently obtained and presented as double infinite series, are simplified through the use of new sum rules of the incomplete Γ functions, being reduced to single summations, where the usual convergence criteria are easily applied. For the forms of the imaginary amplitude used in phenomenology of hadronic scattering at high energies, we show that expressions for the DDR can represent, with absolute accuracy, the IDR of scattering theory, as true mathematical identities. Besides the fact that the algebraic manipulation can be easily understood, numerical examples show the accuracy of these representations up to the maximum available machine precision.
I. INTRODUCTION
We here deal with the one-subtracted integral dispersion relations (IDR) used in high energy scattering, as introduced originally to study the properties of the complex functions that represent the scattering amplitudes [1, 2] . These relations are derived from general principles of causality, analyticity and crossing, and provide connections between the real and imaginary parts of the amplitudes, helping in the disentanglement of the expressions that represent the observable probabilities. The relations are written for amplitudes that have specific behavior under the operation of crossing symmetry, that connects a+b → a+b and a+b → a+b reaction channels (b is the antiparticle of b).
These dispersion relations are derived using the Cauchy theorem, having the form of infinite integrations over the energy of the scattering process. The applications in phenomenology are restricted because experimental information is limited to finite energy values. In spite of this limitation, applications of IDR to the analysis of hadronic scattering were numerous in the years that followed the original work.
The conversion of integrations over infinite energy intervals into infinite series of derivatives of the amplitudes in a single energy leads to the so called derivative dispersion relations (DDR). The program has run through a long and rather slow progress, which started in 1969 [3] , when, in a specific dynamical model in Regge theory framework, Gribov and Migdal wrote a relation in which real and imaginary amplitudes are connected by a single derivative with respect to the logarithm of the energy.
More general relations of local form were written for the even and odd (under crossing) amplitudes [4] , through algebraic transformations and series expansions that required appropriate analytical properties of the imaginary amplitude. At about the same time, similar derivative dispersion relations were written [5] and applied to the analysis of hadronic scattering within the Regge dynamics approach.
The expressions of these DDR are formed by infinite series of derivatives of increasing order, with the form of a symbolic tangent operator in the derivatives with respect to the logarithm of the energy, as written below in Eqs. (3, 4) .
The need of mathematical convergence of the series, which depends on the analytic form of the imaginary amplitudes, has restricted the applicability and credibility of the method, and soon it was analysed in both aspects of mathematical validity and physical usefulness. Examples of physical interest were given [6] for which the series are divergent, as in the presence of resonance poles in general, and in particular for a Breit-Wigner amplitude.
Convergence conditions were discussed by Heidrich and Kazes [7] who proved that the representation of the amplitude as a series in the logarithm of the energy must have an infinite convergence radius; thus the amplitude must be an entire function of the energy logarithm. Again it was here observed that in the presence of singularities the DDR representation is not justified.
The use of DDR with a Regge representation of the amplitudes, consisting only of log, log-squared and power terms of the energy, without resonance poles, first introduced by Kang and Nicolescu [5] , was discussed by Bujak and Dumbrajs [8] .
The authors warn for the spurious singular behavior of the tangent series for specific values of the power parameters, which is a peculiar feature of the series summation in the original form of DDR obtained in the low energy approximation.
Concerns with the mathematical validity of the DDR lead Fischer and Kolář, in a series of papers [9, 10, 11] , to the establishment of conditions under which the series of derivatives have meaning, converging at a point or in an energy range.
The DDR technique was considered of practical usefulness, in spite of the limitations on the form of functions to which it could be applied, and it was actually used in phenomenological investigations in pp and pp scattering. Limitations in this use of DDR were due to the lack of knowledge of the importance of the approximations involved in their derivation, of which the so called high energy approximation is the most important, and also the role of a free parameter α that appeared in the algebraic manipulation leading from IDR to DDR [4] . Use of the integration constant K that appears in the one-subtracted IDR, and sometimes of the value of the quantity α, as free parameters, filled gaps between phenomenological parameterizations and data, hiding some of the difficulties.
A comprehensive account of the progress of DDR, with clear description of limitations and successes of the method in its applications to hadronic (pp and pp) scattering, is found in [12] . As far as the applications to hadronic scattering are concerned, practical uses of DDR only consider a few forms of energy dependence of the imaginary amplitude that are required to represent the data [13] .
A main step in the progress came with the extension of the DDR to the low energy region, up to the threshold [14] , with a derivation free of the high energy approximation, opening the way to the true mathematical connection between integral and local representations of scattering amplitudes. The expressions given for the DDR are double infinite series, with rather complicated form, but really presenting no practical difficulty for their numerical summation, as the series have quickly decreasing terms. The only remaining difficulty may rest in the characterization of convergence criteria for double series. Applications to the description of pp and pp data have been very successful, showing perfect superposition of evaluations of the real amplitudes through IDR and the full exact DDR.
In the present paper we deal with the establishment of mathematical relations through which local expressions represent infinite dispersion integrals exactly. We are not concerned here with phenomenological fittings or choice of parameters so that we drop the additive constant K and put the parameter α = 1 . Using sum rules of the incomplete gamma functions which have been derived before [15] , we are able to reduce the double series to single summations, where convergence properties are of elementary knowledge. The connections thus established between principal value integrals and series summations are true mathematical identities, and even lead to the establishment of some new formulae of mathematical interest. Our results are explicitly presented for all functions used in hadronic scattering phenomenology [12, 13, 14] . Since the connections between integral and local dispersion relations are linear, we can study simple forms separately, without concern on their superposition to construct physical amplitudes. For imaginary amplitudes of the form of functions of the energy logarithms, built as sums of products of the type [ln(E/m)]
it seems that no restriction or approximation needs to be introduced to represent by single series the integral dispersion relations of scattering theory. The convergence criteria are the same as the conditions for validity of the original integral forms.
The standard forms of DDR, called sDDR, viciously affected by the high energy approximation, often have simple expressions in terms of elementary functions, but are frequently inaccurate as representations of the original IDR that they intend to substitute. They even create spurious singular behavior where the principal value integrals are regular. Our investigation of the asymptotic behavior of the full DDR shows also that the sDDR may even be incomplete as a high energy limit approximation.
Our work leads to the conclusion that the derivation ofÁvila and Menon [14] is correct, and shows that the separation between standard sDDR and correction terms is unnecessary and misleading, and from now on should be considered only for historical reference.
The exact mathematical correspondence between integral and local dispersion relations opens new lines of investigation, not only in hadronic scattering, but also in other areas of physics where the use of dispersion techniques is important.
In the present work we take as given the description of the historical facts and critical analysis about derivative dispersion relations [12] , and start from the recent results ofÁvila and Menon [14] that obtained expressions for DDR valid for the whole energy interval above the physical threshold.
The paper develops the analytical treatment of cases of imaginary amplitudes of Re
and
respectively for the amplitudes which are even and odd under crossing. K is the subtraction constant of the one-subtracted dispersion relation, m is the proton mass, E is the total energy of the incident particle in the laboratory system, and t is the momentum tranfer in the elastic collision (t will be written as equal to zero from now on). The pp and pp channels are governed by the combinations
This is a well defined theoretical framework, but it has the practical difficulty that it requires the knowledge of imaginary amplitude in the whole energy interval, from threshold m to infinity, for the calculation of the real part. Extrapolations to far away energies go beyond safe phenomenological or model-building grounds. This difficulty lead to the development of local relations, in which the real amplitude at a given energy is expressed in terms of derivatives of the imaginary part at the same energy, or in a nearby range.
With the notation and kinematics used in Eqs.
(1) and (2), these DDR introduced for the high energy conditions are written
Re
These forms are derived for high energies (m goes to zero or E goes to infinity).
They are the traditional DDR, often applied in the description of pp and and pp cross sections [12] , called standard derivative dispersion relations, sDDR, byÁvila and Menon [14] , to distinguish them from extended forms eDDR that aim at covering also the low energy region, and which are discussed in the present work.
The constant K, which is important in phenomenology, would be transferred without any action from Eq. (1) to the final exact formulae that we write, and will be dropped from now on.
III. CONDITIONS FOR CONVERGENCE
The introduction of DDR raised concerns about its mathematical validity , due to the infinite series of operator derivatives of increasing order, symbolically represented by the tangent operator.
In practice, since we do not know the exact analytical forms of the theoretical amplitudes, in the applications of DDR at high energies one deals with phenomenological representations, obtained from fitting or from models, in terms of simple functions of E and ln E, used in the description of pp and pp at high energies. For these cases, the questions of convergence and mathematical validity can be treated directly, and may even become trivial, with explicit sums of the resulting series.
Actually, in asymptotic limits the whole tangent series can eventually be reduced to its first term.
However, in principle dignified relations should be written and valid for the exact amplitudes, whatever be their analytical forms. Eichmann and Dronkers [6] have
shown that the DDR are valid only for certain classes of entire functions of ln(E/m).
In a series of papers, Kolář and Fischer [9, 10, 11] established theorems fixing the conditions for the validity of the representations of amplitudes in terms of series of derivatives. The main results are expressed as follows.
converges at a point x in R 1 if and only if the series
is convergent.
Besides, another theorem implies that the convergence in an energy interval requires that f (x) be an entire function of complex x and that the series of positive orders in derivatives
also converges.
These important theorems allow the examination of the convergence of the tangent series that appear in the applications of DDR to high energy scattering, where simple functions like x, x 2 , e λ x , x e λ x , ... appear. Here x is written in the place of ln(E/m).
IV. LOW ENERGIES
The high energy approximations restrict the use of DDR in regions of a few
GeV where models and different descriptions of pp and pp scattering are tested and compared.Ávila and Menon [14] presented a derivation of DDR avoiding the high energy approximations, and showed results representing well the exact IDR, even close to the threshold (E ≈ m). The results, presented in the form of double infinite sums, have their conditions of convergence difficult to prove. In this section we test these results in some cases of interest.
The results ofÁvila and Menon are presented in the following form, called eDDR (extended Derivative Dispersion Relations). For even parity they write
where the correction term ∆ + is given by
For the odd relation they obtain
where
Equations (5) and (7) are meant to be valid, for appropriate functional forms of the imaginary amplitude, for any energy above the physical threshold E = m. As a previous verification, before making use of our sum rules for the Γ functions, we present in this section practical examples comparing, in accurate numerical terms, the original IDR (supposed to be exact) with the improved eDDR. We take as working examples the forms (E/m) λ for Im F + and Im F − , and choose a very low energy E = 2m where the corrections are expected to be large. We then evaluate the contribution of each term to the real amplitude, through IDR and through sDDR and eDDR, to check for differences.
To exemplify the use of Eqs. (5) and (7) in calculations in local form of the integral dispersion relations in Eqs. (1) and (2), we evaluate the differences between the RHS of Eqs.
(1) and (3) and between the RHS of Eqs. (2) and (4) and compare with the correction terms ∆ + (E, m) and ∆ − (E, m) given in Eqs. (5) and (7) respectively. With these forms for the imaginary amplitudes the tangent series of derivatives in sDDR are explicitly summable. We have in the even case
and in the odd case
Results for λ equal to 0.5 , 0.75 and 1.0 are given in Table I The value λ = 0 in Im F + = (E/m) λ is regular in the IDR integral of Eq. (1), but leads to a singular value for sDDR of Eq. (9). This spurious singularity in sDDR must be compensated by a similar singularity of opposite sign in ∆ + . This is actually the case, as exhibited numerically in Table II , and shown graphically in In the next sections we show how to put in closed form one of the sums in ∆ + and ∆ − , so that the convergence conditions can be studied with the usual elementary methods. 
The standard DDR gives wrong values for the real amplitudes of Eqs.
(1), (2).
The correction terms of Eqs. (5) and (7) fill the gaps with all precision of the machine. 
In terms of the dimensionless variable
theÁvila-Menon corrections [14] to the standard derivative dispersion relations
The incomplete gamma function, with the first argument being an integer, appearing in the right hand sides of both corrections, can be written in the form [16, Table II , which shows that the full DDR gives precise description of the principal value integral. This example shows dramatically that the separation of sDDR and ∆ terms is very inconvenient.
from which it follows immediately the recurrence relation
This function admits the representations
in terms of generalized Bessel polynomials, and
in terms of confluent hypergeometric functions. These representations may be useful, not only for the numerical evaluation of the incomplete gamma function, but also for algebraic simplifications of the summations in Eqs. (11) and (12), as we show below.
Important simplification of the double summations in the right hand sides of Eqs. 
which appears when F has a power form E λ . Using the representation (15) , it can be written in the form
The sum rule 
that stems from a more general expansion of a hypergeometric function in hyperge-
has been used before [15, Eq. (11) ], can be checked by merely expanding its right hand side in powers of u, and can be used to reduce to single summations the double sums that appear in Eqs. (11) and (12) . It allows us to write
that is,
provided |λ| 2p + 1 < 1 .
Therefore, if the imaginary parts of the scattering amplitudes have energy dependencies of the form
the corrections given by Eqs. (11) and (12) can be written respectively as
where p + and p − represent the lowest integers verifying, respectively,
As a practical reference, we mention that a parametrization [14] of the scattering amplitudes to fit the proton-proton and antiproton-proton data is written
Since the parameters giving the best fit verify the inequalities
Eq. (27) with p + = 0 and Eq. (28) with p − = 0 are applicable in this case. Then, replacing ln |(1 − exp(ξ))/(1 + exp(ξ)| by its series expansion, Eqs. (27) and (28) can be written
Obviously, the series in the right hand sides of these equations converge faster than the geometric one give what we call full derivative dispersion relations, copes with those deficiencies.
We present, in this Section, a procedure to obtain the full DDR in a general case of the imaginary part of the amplitude being given by a sum
with known coefficients c n . If the sum is infinite, the series must obey the convergence criteria mentioned before.
The reason why we consider the form (36) for the imaginary part of the amplitude is mainly because it is an entire function of the logarithm of the scattering energy, a condition that, as shown by Eichmann and Dronkers [6] , guarantees the convergence of series like that appearing in the sDDR, by expansion of the tangent function.
Besides this, the finite energy correction to the sDDR due to each term in the right hand side of Eq. (36) admits a very simple form: a single series, obviously convergent and easily calculable. We leave aside the crucial problem of the possibility of representing the scattering amplitude in the whole energy interval by sums of the form (36). As pointed out also in Ref. [6] , singularities on the real E-axis due to inelastic thresholds and resonance poles for complex E make difficult such representation with the sufficient accuracy as to avoid uncontrollable errors in Re F , like those discussed in Ref. The procedure to obtain full DDR in the case of Im F as given in Eq. (36) is based on the linearity of dispersion relations and benefits from the fact that
We now focus our attention on the case of even scattering amplitudes. The odd case is treated analogously.
We first consider the particular case
already discussed in previous Sections. Equation (9) for the even sDDR gives
whereas theÁvila-Menon correction, as obtained before, is written
Adding the two contributions we obtain the full DDR for Im
or, equivalently,
Notice that the range of values of λ for which the last two equations are valid is larger than that of Eqs. (39) and (40). This is not surprising in view of the exact cancellation, when summing, of the singularities occurring in the right hand sides of Eqs. (39) and (40) for λ = 0. This fact has already been discussed at the end of Section IV and is illustrated in Tables II to IV . Derivation (k-fold) with respect to λ gives the full DDR for Im
Alternatively, but much more tediously, the last equation could be obtained from Eq. (5) by direct computation and making use, to simplify the double series in Eq.
(6), of sum rules stemming from Eq. (20) by successive derivations of both sides with respect to u.
Taking λ = 0 in (43) we obtain obviously the full DDR for Im
It is now trivial to obtain the full DDR for Im F + (E, m) as in Eq. (36).
In the case of odd amplitudes, proceeding as above, we obtain, for Im
and, taking in this expression λ = 0, the full DDR for Im
The exact DDR for Im F − (E, m) of the form given by Eq. (36) follows immediately.
For convenience of the reader, we present here the full DDR for the forms most frequently assumed for the imaginary part of the amplitude in the phenomenology of elementary particles, namely
Im
Full DDR for cases (a) and (b) can be obtained from Eqs. (44) 
Re F (a)
Re F (b)
Re F (c)
Re F (e)
Notice that the right hand side of Eq. (56) should be replaced by that of Eq. (42) for values of λ in the interval (−2, 0].
We now present alternative forms to the quantities ∆ + and ∆ − of Eqs. (11) and (12), for arbitrary functional forms of the scattering amplitudes, reduced through the use of the sum rules of the incomplete gamma functions. We first consider the even amplitude. The treatment of corrections to the odd case is similar.
Let us define the operator
that, in view of Eq. (15), can be written
Since we are now dealing with derivative operators, the sum rule in Eq. (20) must be used carefully. For clarity, it should preferably be written as
To abbreviate, let us define the operators
and their powers
Notice that the last definition is an unnatural one. Then, from Eq. (63) written, with this notation, in the form
one obtains, by using Eq. (64),
that, with the abbreviations
can be written as
Equations (62) and (71) allow to write for the correction to the sDDR for the even
that is, replacing the logarithm by its series expansion,
Following an analogous procedure, it can be obtained from Eq. (12)
An expression similar to Eq. (74) has been given by Cudell, Martynov and Selyugin [20, 21] to take account of the corrections to the sDDR. Unfortunately, they do not give details of the derivation of their final formula, that, besides containing an error, turns out to be confusing. They write, for the corrections given in Eq.
(74), the expression
Firstly, the absence in Eq. (76) (69) and (70), but the order in which they act on the functions at their right is not specified. Of course, the order is not irrelevant, as it can be easily checked in a very simple particular case:
Finally, a factor E −1 is lacking in front of the bracket in the right hand side of Eq.
(77).
The usefulness of Eqs. (74) and (75) is conditioned by the convergence of the series involved. As far as we limit ourselves to forms of the type (36), such convergence is guaranteed, provided the parameters λ n satisfy the restrictions mentioned in the above equations. The problem of the convergence for more general forms of Im F (E), is beyond the scope of this paper. Nevertheless, the similitude of the terms constituting the sDDR and those of the low energy corrections, evident in the paper byÁvila and Menon [14, Sec. II, Subsec. D], together with Theorem 4 in Ref.
[10], allow us to conjecture that the converge conditions of the series in ∆ + and ∆ − are the same as that of the tangent series in sDDR, mentioned in our Section III.
It is interesting to write the expression of the sDDR in terms of the operators introduced above. By expanding the tangent in a double sum, one obtains
that can be written in the form
with the operator W 3 (p) given by
Analogously, one obtains for the odd case
Of course, the product of operators W 2 (p) W 3 (p) in Eqs. (81) and (83) can be replaced by the operator
VIII. CONCLUSIONS
Local forms of dispersion relations have potential to become precious tools in theoretical physics. Avoiding the need of the knowledge of amplitudes and data at energies higher than experiments can provide, which limit the use of the integral dispersion relations, they become a useful technique in the interpretation of the experimental information and in the formulation and test of theoretical models.
Since its origins [4] , the procedure to pass from integral to local dispersion relations is based on mathematical manipulations using series expansions and integrations, whose validity are restricted by severe convergence criteria [6, 7, 9, 10, 11] .
These requirements limit the forms of the imaginary amplitude for which the procedure is mathematically allowed. This limitation remains imperative, but it is not an objection in the practice of hadronic phenomenology, since the forms of amplitudes tested in the description of data are simple and treatable functions of E and ln E.
However, the predictions obtained with the so called standard DDR, based on the high energy approximation, can be absurdly wrong, as it was already pointed out and discussed by Bujak and Dumbrajs [8] and by Kolář and Fischer [10] Recently,Ávila and Menon [14] In the present work we went a step further in the development of these extended forms of DDR, reducing the double to single series summations for functions of general form Im F = (E/m) λ ×(ln(E/m)) k , with k an integer, which may satisfy the mathematical conditions in the passage from integral to local dispersion relations.
The resulting single summations are easy to analyse in terms of usual convergence criteria, and easy to apply, as the terms decrease rapidly.
We give explicit results for a number of basic forms and indicate the way to more general possibilities. Through analytical and numerical examples we show the practicability of the use of the exact local forms for the principal value integrals of IDR.
Our work shows that the so called standard derivative dispersion relation, sDDR, cannot be trusted, and should not be used in applications before specific tests, with comparison to the exact DDR values. It is convenient, from now on, to work only with the exact forms.
Since the connections from IDR to DDR are linear, results can be combined linearly, and the treatment of the basic cases is expected to be useful in many cases.
Our basic concern was with hadronic phenomenology, but we may hope that the exact forms of DDR here discussed can be applied as a tool and serve of inspiration in several other areas of physics. From this development, we believe that a new era of applications of derivative dispersion relations can start.
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